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Abstract. This work presents a scenario of ultra-high energy cosmic ray source distribution
where a nearby source is solely responsible for the anisotropies in arrival directions of cosmic
rays while the rest of the sources contribute only isotropically. An analytical approach focused
on large-scale anisotropies, which are influenced by deflections in a Kolmogorov-type turbulent
magnetic field, is employed to provide more general results. When the recent Pierre Auger
Observatory angular power spectrum above 8 EeV is used the restricted model gives, under
the assumption of the small angle approximation, a solution where the RMS deflection with
respect to the line of sight is αrms =
(
50+11−10
)◦, while the relative flux from the single source
η = 0.03 ± 0.01. Furthermore, the solution can be translated into constraints on the source
distance, luminosity, and extra-galactic magnetic field strength. For Centaurus A and the
Virgo cluster the required relation between the coherence length and the RMS magnetic field
strength is obtained: a coherence length of ∼ 100 kpc would imply the RMS field strength
around 1 nG for iron dominated and above 10 nG for proton dominated composition. We
also performed trajectory simulations with our publicly available code CRPropa to show that
our analytical model can serve as a good approximation as long as the deflections in cosmic
magnetic fields can be described as a random walk. The simulations showed that generally
structured fields tend to suppress large-scale anisotropies, especially the dipole, compared to
anisotropies at smaller scales described by higher multipoles.
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1 Introduction
A long-standing goal of the ultra-high energy cosmic ray research is to establish charged par-
ticle astronomy, that is, to use ultra-high energy cosmic rays (UHECRs) to study celestial
objects and processes [1, 2]. The major known obstacle in this endeavour is the charged
nature of cosmic rays which causes them to be deflected by cosmic magnetic fields. This fact
minimises the possibility to directly pinpoint their sources with detected arrival directions
[3]. Without sufficient knowledge of the positions of UHECR sources and the properties of
the intervening magnetic fields, it is a difficult, if not impossible, task to discriminate be-
tween the influence of the magnetic fields from the source distribution of UHECR by using
the information on the arrival directions alone. Hopefully, constant advancements in comple-
mentary research areas, such as measurement of galactic and extra-galactic magnetic fields
[4, 5], gamma-ray astronomy [6] and high-energy neutrinos [7], could eventually help to un-
derstand better the involved settings and processes which would, consequentially, lead to the
identification of the sources.
It is self-explanatory that one of the most important observables in this research field is
the arrival directions of UHECR. The arrival directions expressed in the terms of anisotropies,
i.e., clustering of events in a particular region or part of the sky, could directly represent a
signature of the sources. The experimental search for the anisotropies so far yielded results
which indicate highly isotropic sky, both in the case of large-scale [8, 9] and in the case of
small-scale anisotropies [10, 11]. Only recently, the Pierre Auger Observatory published the
first statistically solid sign of the large-scale anisotropy in the arrival directions [12] where the
6% dipole anisotropy above 8 EeV pointing 125◦ away from the galactic centre is presented.
Before it, there were indications of the dipole anisotropy reconstructed using three different
techniques [9, 13] and one joint analysis of Pierre Auger Observatory and Telescope Array
above 10 EeV [14] where the indication is verified with the full-sky coverage.
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Taking into account the likely premise that galactic magnetic fields are not strong enough
to be the cause of the isotropy itself [15, 16], reasons for such remarkable isotropy could be
found either in strong extra-galactic deflections of UHECRs or homogeneously distributed low-
luminous sources or both combined. The majority of the acceleration models rely on already
known, electromagnetically visible, objects which are following the matter distribution of
the local universe. Since the local universe is not quite homogeneous [17], the assumption
of homogeneously distributed sources, in that case, is unrealistic. The already cited lack
of correlation of known catalogue sources or matter distribution with the observed arrival
directions could be a sign of relatively strong deflections which are caused by either a heavier
composition, as also supported by experimental data [18], or considerable magnetic field
strength, or both.
From the perspective of extra-galactic magnetic field models, deflections of UHECRs
range from weak [19] to strong [20]. The newest ESA’s Planck satellite measurements of
primordial magnetic fields imply upper limits of nano gauss levels in voids [21] which constrain
those models. Examples of new models which are in accordance with those limits are [22, 23].
The magnetic fields play a complex role in the anisotropy formation, and this role is still poorly
understood, but several characteristics are well established. For example, one is the claim
that magnetic fields, by themselves, cannot create anisotropies from an underlying isotropic
distribution due to Liouville’s theorem [24], but they can generate small-scale anisotropies
from pre-existing large-scale dipolar anisotropies [25].
To find the answer what the realistic deflection is, one could take the fact that the
observed isotropy is relatively high and that no obvious model can explain it as a consequence
of the surrounding universe, i.e., our galaxy and its neighbourhood of several megaparsecs.
As a side note, an exotic acceleration mechanism of homogeneously distributed accelerators
within the galaxy or its galactic halo could still explain the observables, but the base argument
of this paper is not focused on that possibility following reasoning of many other papers which
also do not consider that sources are homogeneously distributed within the galaxy or in the
surrounding universe (see, for example, [26–29]). For a recent review about the galactic-source
conjecture see [30].
The assumption of inhomogeneously distributed sources in the surrounding universe
which follows the visible matter1 statistically implies that some of the sources or the groups
of sources are closer to our galaxy than the others. Therefore, the total UHECR flux may
be dominated by sources nearby whose flux is the least attenuated by interactions. Given
the observed isotropy, one could argue if anything has a chance of producing an anisotropic
pattern, such as a dipolar anisotropy, the source nearby would be one of the most viable
options. Firstly, far away sources produce a mostly isotropic flux since there are many of
them and their distribution approaches homogeneity at large scales, and secondly, due to
longer paths through intervening extra-galactic magnetic fields with a turbulent component,
more remote sources tend to spread their arrival directions widely. Full-scale Monte Carlo
simulations also support this conclusion [22], even with relatively weak magnetic fields in voids
compared to other papers. Thus, the question is whether sources nearby such as Centaurus
A (Cen A) or the Virgo cluster can cause anisotropies and what would be their shape. It
is worth mentioning that the scenario with a source nearby, or particularly, Centaurus A
and the Virgo cluster, has been studied many times before with different approaches and
1A possible, but extreme case could be a source nearby which is “invisible”, like an active galactic nucleus
which was active 108 - 109 years ago and cannot be detected in photons anymore, but cosmic rays from it are
reaching Earth just now as they are delayed compared to photons [31].
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various goals: in diffusion models of propagation [31–33], by simulating ballistic propagation
[34–37], in the context of galactic magnetic field models [38, 39], by constraining their flux
to the observational data [10, 40], etc. A more general constraint of a single source model
independent of the specific position, luminosity, and magnetic field strength or structure is
so far missing. With this work, we try to fill this gap by focusing solely on the anisotropic
pattern left by a source nearby and relying mainly on analytical tools.
The present work is developed around the scenario in which a source nearby contributes
a significant fraction of the total UHECR flux while the rest of sources contribute isotrop-
ically. The focus here is on the large-scale anisotropies since they can be experimentally
better determined due to a high number of events which they include and they are the least
sensitive to the coherent magnetic deflections which are poorly constrained. The angular
power spectrum, often used as a measure of anisotropy, is the primary method of quantifying
anisotropies here because it is rotationally invariant, thus enabling a more general analysis
without focusing on specific directions on the sky. Together with analytical expressions, this
approach gives not only real constraints on the scenarios with a source nearby but also a
methodological guide for a more sophisticated Monte Carlo approach which is often the only
viable analysis technique in the field.
The organisation of the paper is the following: in section 2 a simple model of a single
source with an isotropic background is presented, followed by section 3 where the parametri-
sation of the model is considered. In section 4 comparison with Monte Carlo methods is
performed to show the robustness of the introduced simplifications and to analyse how struc-
tured magnetic fields can change the picture, in section 5 the model is applied to specific
sources to constrain physical parameters based on the experimental angular power spectrum
data. The paper ends with section 6 – conclusions.
2 Analytical model of a single source
As already mentioned in the introductory part, the high-level of isotropy of the observed sky
could be caused by extra-galactic magnetic fields strong enough to wash out the memory
of the UHECR origin. The heavier composition at the end of the spectrum [41] makes
this interpretation more likely as it increases the average deflections. Motivated by these
arguments, we consider the possibility that a source nearby could cause the observed large-
scale anisotropy whose image is broadened by deflection in the magnetic fields.
Here we take into account only the omnipresent turbulent magnetic field component and
neglect any regular components that depend on a specific structural magnetic field model
to keep the analysis less model dependent. For the description of propagation through a
turbulent magnetic field, we rely on the results of [42] in which cosmic ray propagation in
a random field is described by using a stochastic differential equation of the Itô form (see
textbook [43]):
dni = −2D0nids+
√
2D0Pij(nˆ)dWj (2.1)
in which nˆ = (n1, n2, n3) is the unit vector along the flight direction, ds ≡ cdt is the differential
path, Pij(nˆ) ≡ δij − ninj is the projection tensor onto the plane perpendicular to nˆ, and
dW ≡ (dW1,dW2, dW3) is a Wiener process satisfying 〈dWi〉 = 0, 〈dWidWj〉 = δijds. The
quantity D0 represents a scalar diffusion coefficient in the flight direction.
When a cosmic ray traverses a turbulent magnetic field, and if scales of the turbulence
roughly match the cosmic ray’s gyroradius, it erratically changes its direction of flight nˆ, and
hence performs Brownian motion on the unit sphere of its flight direction starting from the
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initial direction nˆ0 [44, 45]. The Brownian motion distribution is the one that describes a
distribution of ensemble-averaged flight directions of particles that propagated from the same
initial direction [46, 47].
In the context of distributions on the unit sphere, one can define the so-called mean
resultant length as a measure of the angular spread of events on a sphere defined as ρ =
1
N ||
∑N
i=1 nˆi|| where nˆi are unit vectors representing N events. In case when the spread of
events is distributed around the direction rˆ, the mean resultant length can be expressed
through the tangent-normal decomposition of the unit vectors [46, ch. 9]:
ρ =
1
N
∣∣∣∣∣
∣∣∣∣∣
N∑
i=1
ni
∣∣∣∣∣
∣∣∣∣∣ = 1N
∣∣∣∣∣
∣∣∣∣∣
N∑
i=1
tirˆ+ (1− t2i )
1
2 rˆ⊥
∣∣∣∣∣
∣∣∣∣∣ = 1N
N∑
i=1
ti = 〈nˆ · rˆ〉 (2.2)
where ti = nˆi · rˆ. The terms next to rˆ⊥ vanish after averaging as the distribution is invariant
under rotation around rˆ . The behaviour of the previous formula agrees with intuitive rea-
soning that the spread of directions on a sphere after particles are propagated for a sufficient
time leads to the loss of correlation 〈nˆ · rˆ〉 = 0 ⇒ ρ = 0, while on the other hand, without
any deflections all events are correlated with the line of sight making ρ = 1.
To relate eq. (2.2) and the physical process of random walk in flight directions repre-
sented by eq. (2.1), we use results from [42, Appendix B]. An arrival direction nˆi and the
unit vector rˆ that points along the line of sight from the source to the observer define an
angle α: cosαi ≡ nˆi · rˆ. It is shown in [42] that generally, 〈nˆ · rˆ〉 is a function of D0L where
L is the distance between the source and the observer. Specifically, under the small angle
approximation the root mean square value of the angle α reads α2rms =
4
3D0L and that will
be used later in this work. The small angle approximation in this case is justified up to a few
D0L as it will be shown later numerically (the right panel of fig. 4).
It is proved in [48] that the Brownian motion distribution can be approximated by a
Fisher distribution (or Fisher – von Mises distribution on the (p−1)-dimensional sphere where
p = 3) if they share the same mean resultant length ρ. A Fisher distribution centred around
rˆ is defined by [49]:
fFvM(nˆ|κ) = κ
4pi sinh(κ)
exp(κnˆ · rˆ) (2.3)
where κ is the concentration parameter (later also called the spread parameter) determining
the spread of events. Physically, κ encodes everything that influences the angular spread,
in particular, the distance from the source combined with magnetic fields, that is, κ equals
zero in the limit of extremely strong magnetic fields which totally erase the memory of the
source position, and the distribution becomes just a uniform distribution. In the absence of
magnetic fields, κ 1, the distribution behaves like a point source.
The mean resultant length for a Fisher distribution is defined by the following equation:
ρ ≡ A3(κ) = coth(κ)− 1
κ
. (2.4)
Its two important limiting cases are A3(κ) ≈ κ/3 for κ 1 and A3(κ) ≈ 1−1/κ for κ & 1 [46,
Appendix 1]. Now, since the two mentioned distributions share the same resultant length, it
follows that the concentration parameter is determined directly by κ = A−13 (〈nˆ · rˆ〉).
In this work, trajectory simulations are performed in which particles are propagated
through various instances of turbulent magnetic fields to test the validity of this distribution.
There are no signs that the distribution of deflection angles of propagated particles is violating
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a Fisher distribution for any relevant set of physical parameters as long as the particles cross
many coherence lengths of a turbulent magnetic field (the left panel of figure 4). Further
details about numerical checks against the simulations are presented in sec. 3.
The reader’s attention is drawn to the fact that the expression (2.2) and the given
distribution, eq. (2.3), when transformed to the perspective of a fixed observer on some
distance from a source, represent the source which is injecting particles in a single (beamed)
direction along the line of sight from the source to the observer. If the source injects particles
in other directions in addition to the direction along the line of sight, those particles could
also contribute to the distribution of arrival directions and which generally differs from eq.
(2.3). The new distribution can be constructed by directly integrating contributions from
those other directions:
f(nˆ|κ) = N (κ)
∫
Ω
exp(κnˆ · rˆ′)p (r′|κ) dr′ (2.5)
where N (κ) is the norm while p (r′|κ) is a probability distribution for directions r′ which
depends also on the concentration parameter κ. For example, in case of minor deflections
the distribution tends to p (r′|κ) ∝ δ(r′ − r), i.e., to eq. (2.3). Oppositely, for significant
spreads, κ  1, the expression tends to the uniform distribution as same as the original
Fisher distribution.
A similar approach to modelling the arrival direction distribution of a single source is
given in [50] with the difference that the authors of that paper constructed a distribution
without giving a prior physical rationale, only by providing the convincing fits to their simu-
lations. In their case, the distribution is a Fisher distribution, eq. (2.3), combined with the
isotropic term which is “mostly from particles (from a single source) that diffused long times
and made several turns before reaching the observer” (quoted from [50]). One could obtain the
isotropic term with analogues properties from eq. (2.5) by expanding p (r′|κ) ≈ 1 + κ · ∂p/∂κ
for small κ. Integrating the first term would give the isotropic term which depends only on
κ. Here, we will not follow the same path of modelling due to two reasons. One is that
the constructed distribution from [50] is departing from numerically obtained results from
our simulations, especially for D0L ≤ 1 (which is labeled in [50] as the normalised source
distance, RHarari = 2D0L) as can be seen in fig. 1. The other, more important reason, is that
by fitting parameters of the distribution to the numerical results we can no longer directly
relate, using eq. (2.4), the concentration parameter κ to physical quantities that are the cause
of the spread in arrival directions.
From now on, we consider only a single source which can be accurately modelled by eq.
(2.3), i.e., which is either beamed towards the observer or which image is not broadened by
deflections significantly. By doing that we still preserve the analytical transparency of the
results. More general considerations will be left for future works.
If one takes into account other, more distant sources which contribute only isotropi-
cally to the arrival directions, an image of a single (beamed) source nearby described with a
Fisher distribution is expanded with a normalised constant isotropic term. Hence, the total
distribution reads:
fsrc+bg(nˆ|η, κ) = 1− η
4pi
+ η
κ
4pi sinh(κ)
exp(κnˆ · rˆsrc) (2.6)
where η and rsrc are, respectively, the relative flux jsrc/jtot and the direction of the source
nearby.
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Figure 1. These two panels, in analogy to fig. 2 in [50], represent average cos θ (the left panel) and
cos2 θ (the right panel) calculated from four distinct distributions as a function of D0L. The blue
line is from the Fisher distribution, eq. (2.3), the orange one is the distribution assumed in [50]. The
green and red dots are obtained from events of a simulation in which the single source injects particles
isotropically and beamed within a pi/4-cone directed towards the observer. The narrowed the cone is
the better the distribution is described by eq. (2.3).
2.1 The angular power spectrum
Following an analytic approach while keeping the single source location unspecified, we choose
the angular power spectrum as the main observable for the model. The angular power spec-
trum C` is defined through the expansion of the distribution function in spherical harmonics:
f(θ, ϕ) =
∞∑
`=0
∑`
m=−`
a`m Y
m
` (θ, ϕ) (2.7)
C` ≡ 〈|a`m|2〉 = 1
2`+ 1
∑`
m=−`
|a`m|2 (2.8)
where f(θ, ϕ) is a distribution of the arrival directions, Y m` are spherical harmonics and a`m
coefficients defined as a`m =
∫
Ω f(θ, ϕ)Y
m∗
` (θ, ϕ) dΩ.
Since the angular power spectrum is rotationally invariant, without loss of generality the
observer can be placed at the origin of the coordinate system and the z-axis can be chosen
along the source direction: nˆ · rˆsrc = cos(θ). Inserting (2.6) in (2.8) gives:
a`m =
1− η
4pi
∫ 2pi
0
dϕ
∫ pi
0
dθ sin θY m∗` (θ, ϕ)
+ η
κ
4pi sinh(κ)
∫ 2pi
0
dϕ
∫ pi
0
dθ sin θ exp(κ cos(θ))Y m∗` (θ, ϕ) (2.9)
=δ`0
1− η
4pi
2
√
pi + δm0
√
2`+ 1
4pi
∫ pi
0
dθ
κ sin(θ)
2 sinh(κ)
exp(κ cos(θ))P`(cos θ) (2.10)
The last integral I` = κ2 sinh(κ)
∫ 1
−1 du exp(κu)P`(u) can be reduced to a recurrence relation
using the property of Legendre polynomials (2n+ 1)Pn(u) = ddu [Pn+1(u)− Pn−1(u)]:
I0 =1 , I1 = cothκ− 1
κ
, I` = I`−2 − 2`− 1
κ
I`−1 . (2.11)
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Figure 2. These two panels illustrate solutions of the single source model (2.14) without the back-
ground contribution (η = 1). The first one shows the dependence of the normalized power spectrum
C` on the multipole moment ` for different parameter κ, while the second one shows the dependence
of the power spectrum on κ for first few moments; the dashed curves are derivatives of solid lines
multiplied by factor 10; the black dotted line represents the ratio x = C2/C1 versus κ. All figures in
this work are plotted using [51].
The recurrence yields the final form expressed in terms of the modified Bessel function of the
first kind:
I` =
√
pi
2
√
κ
sinhκ
I`+ 1
2
(κ) (2.12)
a`0 =δ`0
1− η√
4pi
+ η
√
2`+ 1
4pi
√
pi
2
√
κ
sinh(κ)
I`+ 1
2
(κ) (2.13)
The final power spectrum reads
C` =
{
1
4pi if ` = 0
η2 14piI2` = η2 κ8 sinh−2(κ)I2`+ 1
2
(κ) if ` > 0
(2.14)
where it is advisable for numerical calculations to use the recurrence form (2.11) instead of
the last form due to numerical instability around κ ≈ 0.
The solution for η = 1 is plotted in figure 2 for the first few moments and for several
parameters κ. The figure shows consistency with limiting cases: when the angular spread
is high enough, or the spread parameter is low enough, to erase the position of the source
completely, only the monopole component will be present (∀` > 0 limκ→0C` = 0). In the
opposite limit, without any deflections, the source will be in the form of a delta function and
all moments will be equal. The parameter η mainly governs the ratio of higher multipoles to
the monopole.
The parameters of the model, κ and η, can be determined from the ratios of multipoles.
In particular, the ratio of the quadrupole and the dipole, x = C2/C1, is given by:
C2
C1
≡ x =
[(
cothκ− 1
κ
)−1
− 3
κ
]2
(2.15)
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Figure 3. The left panel shows how to retrieve parameter κ from the ratio of the quadrupole and
the dipole (x = C2/C1) with the two analytical approximations described in the footnote. The right
panel shows how η, which parametrises the flux contribution of the single source, can be determined
from x = C2/C1 and the relative dipole amplitude y = C1/C0.
In figure 3 we solve eq. (2.15) for κ numerically2. The derivative of dx(κ)/dκ is always
positive which confirms the monotonous behaviour of the function and implies the existence
of a unique solution for κ in the domain of interest. The parameter η is then expressed
through y = C1/C0 and κ(x) (figure 3):
η (y, x) =
√
yκ(x)
|κ(x) cothκ(x)− 1| . (2.16)
Our model gives y = C1/C0 ≤ 1 which implies η ≤ [coth(κ)− 1/κ]−1. On the right panel of
figure 3 this inequality is violated for certain pairs x and y where η becomes larger than unity
which is unphysical since it would result in negative flux in certain directions, c.f. eq. (2.6).
3 Interpreting the spread parameter in terms of physical quantities
The blurring of source images is caused by deflections of cosmic rays in intervening magnetic
fields. Interactions can also contribute to the angular spread, but for highly energetic particles
their effect can be neglected as the scattering angle is of the order of the inverse Lorentz factor
and can thus be neglected. Relevant quantities for deflections in magnetic fields are the cosmic
ray rigidity R = E/Ze and the properties of the turbulent magnetic field.
In the small angle approximation, from eq. (2.1), as shown in [42, see eq. B21 and B22],
and eq. (2.4) follows:
〈nˆ · rˆ〉 ≈ 1− 2
3
D0L⇒ κ ≈ 3
2
(D0L)−1 . (3.1)
If the turbulent field is given as a power law, like a Kolmogorov type of turbulence, the
scalar diffusion coefficient of the flight direction in the small angle approximation yields [42]:
D0 = 1
8
( c
R
)2
B2rmsLc (3.2)
2Nevertheless, useful analytic expressions in case of low (x < 0.1) and high (x > 0.25) ratio limits can be
obtained:
κ(x) ≈ κapprox(x) =
 3−
√
x+
√
x+6
√
x−3
2−2√x , valid for x & 0.25,
5
√
x, valid for x . 0.1 .
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where Brms is the root mean square of magnetic field strength and Lc is the field’s coherence
length. From this, one can show that the root mean square deflection angle in the flight
direction of UHECR after traversing a distance L is described with:
θ2rms ≈ 4D0L =
1
2
( c
R
)2
B2rmsLcL (3.3)
or
α2rms ≈
4
3
D0L = 1
6
( c
R
)2
B2rmsLcL (3.4)
when considering the deflection in respect to the line of sight from the source to the observer.
Besides [42], these expressions are derived also in [52].
The spread parameter κ is then equated with:
κ ≈ 12R2B−2rms(LcL)−1 = 2α−2rms
= 140.2 ·
( R
EV
)2(Brms
nG
)−2( L
Mpc
Lc
100kpc
)−1
. (3.5)
Cosmic rays that are deflected in one realization of a turbulent field will not generally
be consistent with the smeared shape of the Fisher distribution if they are not sufficiently
randomised by traversing multiple coherence lengths of the turbulent magnetic field defined
as in [52]:
Lc =
1
2
Lmax · α− 1
α
·
1−
(
Lmin
Lmax
)α
1−
(
Lmin
Lmax
)α−1 . (3.6)
where the spectral index α = 5/3 for the Kolmogorov spectrum and Lmin and Lmax are the
minimal and maximal length scales of the magnetic field power spectrum.
Now it remains to check ranges of the physical parameters for which the small angle
approximation holds and also to check the general consistency of these analytical expressions
against Monte Carlo simulations. We employ a publicly available Monte Carlo framework for
the propagation of cosmic rays CRPropa version 3 [53] for every numerical calculation that
follows. In CRPropa, charged particles are propagated by solving the equations of motion
of a relativistic charged particle in a magnetic field. The solving algorithm is based on the
Runge-Kutta class of methods, in particular, the Cash-Karp method. A turbulent magnetic
field is generated first in the k-space by placing random amplitudes on a grid following a given
power spectrum law. The grid is then modulated by a random complex phase, and a random
orientation with k ·B = 0 to satisfy ∇ ·B = 0. In the end, the field is transformed into real
space with a fast Fourier transform and normalised to Brms.
The simulations are performed on a range of parameters by injecting 2000 protons in
each simulation. The particles are propagated radially from a centre of a sphere and de-
tected whenever crossing the border of the sphere, from the inside or the outside, and dis-
carded once they reached the maximum trajectory length of 20 Mpc. The parameters range
from {0.001, . . . , 100}EeV in the energy of particles, {0.1, . . . , 5000}nG in the magnetic field
strength, {2, . . . , 30}kpc in the coherence length, and {10, . . . , 4000}kpc in the radius of the
sphere. The spread parameter is calculated from the mean resultant length of detected flight
directions by using eq. (2.4). The left panel in fig. 4 shows distributions of the deflection
angle α for three simulations to show how well the Fisher distribution fits the Monte Carlo
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Figure 4. The left panel shows the binned deflection angles of three simulations where each has
a different set of physical parameters that determine the particle propagation. The solid lines are
plotted Fisher distributions in which κ is determined from eq. (2.2) and eq. (2.4). The right panel
displays the dependence of κ on D0L where the blue dots represents simulations in which κ and D0L
are determined by eq. (2.4) and (eq. 3.2), respectively. The red line is a plot of eq. (3.1) which shows
the validity of the small angle approximation.
generated data. The spread parameters which are displayed in the legend correspond to the
ones calculated from eq. (2.4) (κρ), and fitted on the Fisher distribution (κfit). The right
panel shows that the small angle approximation in eq. (3.1) well describes the spread param-
eter κ for D0L . 1. Entering in a highly diffusive regime where D0  1, ballistic propagation
in the numerical code becomes highly inefficient and so the number of recorded events drops.
The reduced number of recorded events increase statistical fluctuations.
Another set of simulations is done to check the applicability of the small angle ap-
proximation for a particular physical parameter. Over the distance of 5 Mpc, the forward
propagation method is used to propagate 5 EeV energy protons through various realizations
of the turbulent magnetic field with Brms = 5 nG, Lmin = 20 kpc, and Lc ranging from 28 to
256 kpc. For every Lc 30 random realizations of the magnetic field are generated to calculate
the mean and the variance. Particles are injected from a single source and detected if they
hit a small observer sphere from the outside (later referred just as the observer). The radius
of the observer is 200 kpc, and it is chosen so to minimize the artificial effect of the finite
observer which affects the angular spread but at the same time to register at least a few hun-
dred events (see Appendix A for details). Numerically, κ is obtained from the data by using
eq. (2.4). Figure 5 shows the result from which it can be concluded that at least 40 coherence
lengths are needed to reproduce the shape of the spread parameter which corresponds to the
analytical form.
To verify the dependence on the other parameters in equation (3.5) the same approach
is used following in part ref. [54]. The coherence length of the turbulent field is set to 100
kpc and the other parameters are equated with Brms = 5 nG, R = 5 EV, L = 5 Mpc when
they are not the subject of the check themselves.
It is worth to note that small discrepancies and fluctuations for κ ≥ 50 are of less
importance because anisotropic moments C` are not changing much for those values and
moderate ` which is expected because the large κ means the small deflection to which low
multipoles are not very sensitive. That can be argued by inspecting the derivatives dC`(κ)/dκ
in the second panel of fig. 2 (the dashed colour lines) which shows that derivatives tend to 0
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Figure 5. CRPropa version 3 [53] is employed to check numerically how many coherence lengths
cosmic rays needs to traverse to be sufficiently randomised to match the predicted value from the Fisher
distribution. The analytical expectation follows from equation (3.5) where the result is multiplied by
Lc/L
max
c to remove the dependence of κ on Lc to stress the discrepancy; Lmaxc = 256kpc but it could
be any constant length as it serves only as a normalization constant. For less than approx. 40 Lc the
parameter κ jumps because the turbulent field on such scales correlates the movement of cosmic rays
which tends to create additional patterns within the source image which appear as smaller inner hot
spots.
Figure 6. The parametrization of equation (3.5) is tested within the CRPropa3 framework [53] for
every parameter magnetic field strength Brms, rigidity R and distance L separately. Red lines are
calculated from the formula, while blue dashed lines are Monte Carlo results.
as κ→∞.
3.1 The influence of the second nearest source
By assuming the dependence of the spread parameter on distance, one can assess the validity
of the starting assumption that the distant sources do not sufficiently change the anisotropy
created by the closest source. Introducing only two sources in an analogous manner as in
equation (2.6) with different distances L1, L2 = λL1 and with spread parameters κ1, κ2 =
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κ1(L1/L2) = κ1/λ respectively, the calculation from section 2 can be repeated. The fluxes
fall as L−21,2, hence the relative flux is j2/j1 = λ
−2 if both sources are injecting particles
with the same rate. Only the dipole is calculated as the most important moment in any
case. Two extreme cases are studied to preserve the axial symmetry which simplify the
integration, a “constructive” one (rˆ1 = rˆ2), where the second source is behind the first one,
and a “destructive” one (rˆ1 = −rˆ2), where the second one is on the opposite side, relative to
the observer.
fsrc1,2(rˆ|λ, κ1, κ2) =fsrc1,2(rˆ|λ, κ1) =
(1− λ
−2
2
)
κ1
4pi sinh(κ1)
exp(κ1rˆ · rˆ1)
+
λ−2
2
κ1/λ
4pi sinh(κ1/λ)
exp(κ1rˆ · rˆ2/λ)
⇒ a10 =
√
3
4pi
[
I1(κ1)− 1
2λ2
(I1(κ1)± I1(κ1/λ))
]
(3.7)
By requiring limλ→∞C1(λ, κ1, κ2)/C1(κ1) = 1, the deviation from the single discrete
source case can be parametrised through parameter λ. The following solution is plotted in
figure 7:
C
src1,2
1 (λ, κ1, κ2)
Csrc11 (η = 1/2λ
2, κ1)
=
[
1± coth
(
κ
λ
)− λκ
(2λ2 − 1) (coth(κ)− 1κ)
]2
≈1± 1
3λ3
(
3 +
1
5
κ2 +O(κ4)
)
(3.8)
where the last approximation is valid for λ 1 and κ ∼ 1.
The influence of the second source on the dipole falls with the distance as ∼ λ−3 for
a given spread parameter κ, but if the angular spread is larger (smaller κ), the decrease is
quicker for both cases. Thus, for the stronger magnetic fields and lower rigidities, the single
discrete source assumption holds better, as expected. If the second source is located at two
times the distance of the first one, its effect on C1 is already smaller than 20%.
3.2 Combining multiple rigidities
Up to now, the calculations considered only a monoenergetic source which injects just a single
type of cosmic rays, i.e., injects a single rigidity. An expansion of the analysis to multiple
rigidities can be represented through a single source which is a combination of multiple sources
located at the same position which differ in the spread parameter κ. This leads to the following
expression of the combined spectrum:
Ccomb` (κ1, . . . , κN ) =
1
4pi
[
N∑
i
ηiI`(κi)
]2
(3.9)
where ηi represents the share of the component i in the total flux and
∑N
i ηi = 1.
Here we state the following claim which validity we argue numerically. If two angular
power spectra, the combined one defined with eq. (3.9) and the pure one defined with eq.
(2.14), share the same value of the dipolar component Ccomb1 = C
pure
1 , all higher components
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Figure 7. The plot shows when the dipole moment converges to the original expression given by
(2.14) if there is a second source involved that contributes to the total flux. Parameter λ is the ratio
between the distances of the two sources - the more remote the second source is, the less it interferes
with the dipole and other moments created by the first source. Two extreme cases are considered, a
“constructive” one (solid lines) where the observer, the first source and the second source are located
on the same line of sight in that order and a “destructive” one (dashed lines) where the observer is
located between the two sources.
` > 1 of the combined spectrum will have equal or higher values compared to the same
component in the pure case.
The first step is to find κpure from a set of N given pairs (ηi, κi) using I1(κpure) =∑N
i ηiI1(κi) which is derived from Ccomb1 = Cpure1 . Verifying the above claim is then equal
to checking if the following is satisfied:
Ccomb` (κ1, . . . , κN )
Cpure` (κ
pure)
≥ 1 . (3.10)
This is verified in case of the first few multipoles for a wide range of randomly chosen (ηi, κi),
and there is no reason why the inequality would not be fulfilled for some other sets since all
involved functions are monotonically increasing functions without inflection points (see fig.
2). It would be interesting to prove the statement exactly, but this is out of the scope of this
work.
4 Comparison with structured magnetic fields
The above-presented model follows the rather naive assumption that magnetic fields in the
local universe are everywhere uniformly turbulent only. Since galaxies, clusters, filaments,
and voids contain magnetic fields which differ by several orders of magnitude in strength and
other properties, it is more realistic to assume that magnetic fields are structured which is
also backed by observations. Nowadays, there are several structured extra-galactic magnetic
field models available such as [17, 22, 23, 55]. The magnetic field used here, also described
in details in the CRPropa 3 reference paper [53] and referred later as the benchmark field,
is constructed on the basis of work of Dolag et al. [17] and Miniati et al. [55]. It represents
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Figure 8. Two distinct locations for the observer are chosen: the first one within structures which is
also constrained to resemble the local universe around the Milky Way; and the second one is placed
in a void at least 5 Mpc from the nearest structure. The color scale represents the magnetic field
strength. The shown magnetic field comes from the benchmark model described in the text.
a constrained model of the local large-scale structure taken from Dolag et al. on top of
which is applied the magnetic field from Miniati et al. by first constructing the correlation
density magnetic field within Miniati and then applying it to the Dolag density field. Within
uncertainties of the void fraction in the local universe [56], the chosen model’s magnetic field
strength in voids comply with the newest upper limits, such as from the Planck experiment
[21], but the more important component to compare here is the structure of the magnetic
field itself, not its strength. The magnetic field structure in a form of strength distribution is
shown in figure 8. Furthermore, two distinct locations for the observer have been investigated:
the first one located within structures which resembles the local universe around the Milky
Way; and the second one is placed in a void at least 5 Mpc from the nearest structure (figure
8).
The simulation scenario consists of iterating a single source over 80 uniformly distributed
locations on a sphere of radius 5 Mpc and 10 Mpc around the observer. The observer sphere
has radius of 400 kpc. The energy range of the particles is chosen such that the spread
parameter ranges from κ ≈ 1 to κ ≈ 10 which is the range where the effect of the structure
in the angular distribution is most easily seen in the context of this investigation, namely
around 10 EeV. Other parameters are kept the same as in the turbulent case. At least one
thousand events are collected from every source. The results are shown in figure 9. The mean
spread parameter of all sources in the first location, within structures, is κ5 Mpc1 = 2.9 ± 0.8
and κ10 Mpc1 = 2.0±0.5 for sources at 5 Mpc and 10 Mpc distance, respectively. In the second
location, within the void, the values are κ5 Mpc2 = 22± 14 and κ10 Mpc2 = 7± 4.
In a structured magnetic field it is not possible to unambiguously define physical param-
eters in the whole space such as Brms which determines the spread parameter as in case of a
turbulent field only (equation 3.5), but it is possible to investigate how much the shape of the
angular power spectrum is changed compared to expected solution 2.14. To this end we com-
pare the next most robust large-scale component, the quadrupole, with its value predicted by
eq. (2.14) for a purely turbulent field producing the same dipolar moment as the structured
magnetic field studied here. Taking the relative difference (CMC2 − CAN2 )/CAN2 (figure 10),
where marks ‘AN’ and ‘MC’ stands for analytically and numerically obtained values, respec-
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Figure 9. These four skymaps interpolate values of κ from 80 uniformly distributed sources in four
cases (the color scale represents the value of κ): upper two represent skymaps for the first location
of the observer (within structures) where sources are at 5 Mpc (left) and 10 Mpc (right), while the
bottom two represent skymaps for the second location of the observer (in the void), also at the same
distances as the upper two. Average values are κ5Mpc1 = 2.9±0.8, κ10Mpc1 = 2.0±0.5, κ5Mpc2 = 22±14
and κ10Mpc2 = 7±4. The angular spread depends on the direction, but generally the same quantitative
behaviour is preserved: the stronger magnetic field (the 1st location, the upper row) causes the larger
angular spread (smaller κ). The same holds for the greater distance from sources (the right column).
The structure of the magnetic field around these locations is displayed in the previous figure (8).
tively, it can be observed in which directions the original pattern expected from eq. (2.14)
(figure 2) is the least affected by the structures. In the void, the pattern is conserved the
best, as expected, but for larger distances where new domains of the magnetic field emerge
the shape of the Fisher distribution is disturbed. For the observer in the structured part of
the universe, the pattern is mostly distorted on the edges between two different domains of
the large and small spread parameters which can be seen by comparing figures 9 and 10. In
areas where the pattern is distorted, the predicted single source signature is basically lost
since different moments are modified differently, yet, it should be stressed that in all such
cases the effect of structures increased the quadrupole component compared to the dipole
component relative to the analytical expectation. This investigation is by no means complete
and certainly not quantitatively stringent, but it sketches what is already intuitively expected.
A qualitative description of the phenomena is now proposed. Generally, a structured
magnetic field can be characterized by the existence of separate domains which have different
field properties and spatial sizes, therefore, these domains contribute differently to cosmic
ray deflection, that is, they have different κ. If a source and an observer are located within
the same domain, the described pure turbulent field approach can be applied, but if cosmic
rays from the source traverse different domains to reach the observer, each domain can be
considered as an independent source located at the same position as the real source but with
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Figure 10. This figure describes the same cases as the previous one, figure 8, but it shows the
relative difference in the quadrupole component between the simulation and the analytical expression,
(CMC2 − CAN2 )/CAN2 which is represented by the color scale. The smaller the difference is, the better
the original pattern (figure 2) is reproduced, e.g., the better it resembles the pure turbulent case. Red
spots are areas where the structured magnetic field changes the expected ratio between the dipole and
quadrupole moment the most. It should be stressed that in all such cases the quadrupole to dipole
ratio tends to be larger than predicted for purely turbulent fields.
an independent spread parameter. That leads to a power spectrum of the same form as eq.
3.9. As was already shown in subsection 3.2 the values of higher multipoles will increase
when combining sources of different κ compared to the pure turbulent case. Summarizing the
argument, the structured magnetic field tends to enhance higher multipoles of the angular
power spectrum compared to the analytically obtained reference spectrum.
In domains where the assumption of traversing multiple coherence lengths is not fulfilled,
cosmic rays can create distinct structured patterns like creating mirror images [52] which will
considerably affect the argument. Similar effects would occur if regular components of the
magnetic field dominate the turbulent one in those domains. Considering those scenarios is
beyond the scope of this work.
5 Examining constraints from the measured dipole and quadrupole and
potential nearby sources
The Pierre Auger Observatory has observed a dipolar amplitude of d = 6.5+1.3−0.9% above 8
EeV [12] while higher moments remain within 99% confidence level of isotropy [13]. To derive
values of C` with the correct normalization in the monopole component C0 for the Auger data
the following expression from [57] is used: Φ(nˆ) = Φ04pi (1+d ·n). Putting it in definition (2.7),
one obtains C1/C0 = |d|2/9 = (0.00047+0.00019−0.00013). As already noted in section 2, equation
(2.15) can serve to constrain the model’s parameters from the dipole amplitude. The result is
displayed as the solid blue line together with associated uncertainties as the dashed blue lines
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Figure 11. The plot shows how the Auger dipole and quadrupole at 8 EeV [13] constrain the space
of parameters η and κ. The solid blue line is the result if only the dipole is considered while dashed
lines are appropriate uncertainties. If the quadrupole is taken into account, there is one possible
solution (given by equations (2.15) and 2.16) marked with the star and corresponding one, and two
sigmas shaded areas (orange and yellow respectively). From the plot, it can be concluded that if the
anisotropy is caused by a single source a significant angular spread (small κ) is favoured which almost
completely erases C` with ` > 2. The significant angular spread also implies larger deflection for given
energies and composition than expected in typical magnetic field models (see equation (3.5) and also
the next figure).
in figure 11. Employing the constrained value at 2-σ level of the quadrupole moment from the
Pierre Auger experiment with the abovementioned normalization C2/C0 = (1 ± 0.5) × 10−4
[13], the model gives κ = 2.7+1.2−1.1 and η = 0.03 ± 0.01 where uncertainties are obtained from
the experimental uncertainties of C1 and C2 by integrating out either η or κ. The shaded
areas in figure 11 (orange for one sigma and yellow for two sigmas) represent the propagated
confidence ranges for every η and κ. By inserting C2 here, we assume that it has only the
a20 component which originates from the same direction as the dipolar anisotropy. It should
also be stated that the result completely ignores the influence of the galactic magnetic field
which could transfer the dipolar anisotropy into the quadrupole and higher multipoles [25],
and, thus, the constrained could be further loosened.
The retrieved κ is larger than 1 which guarantees that the small angle approximation
can be used, thereby, the root mean square of the deflection angle αrms from eq. (3.5) yields:
αrms =
(
50+11−10
)◦ (D0L = 0.56+0.25−0.22) . (5.1)
However, the displayed value of D0L requires a more beamed source that is injecting cosmic
rays towards the observer, not in every direction. Otherwise, the Fisher distribution of the
arrival directions assumed at the beginning of this work cannot directly apply here. An
isotropic source would for the same dipolar amplitude give smaller D0L and αrms (see fig. 1).
The large uncertainties are the consequence of the significant derivatives of equation
(2.15) in the regime of small κ (see the derivatives in the second plot of figure 2) combined
with the large experimental uncertainties in the large-scale anisotropy sector which are firstly
due to low statistics at the highest energies, and secondly due to limited coherent full-sky
– 17 –
coverage [58]. In current full-sky analysis [8] uncertainties in systematics between the two
largest experiments, Telescope Array and Pierre Auger Observatory, prevent more precise
results than those obtained by reconstructing the large scale anisotropies from partial sky
coverage of a single experiment.
The model’s parameters derived above imply considerable angular spreads compared to
what is usually considered when inserting in eq. (3.5) common estimates of the RMS magnetic
field strength, coherence length and distances of neighbouring objects that are hypothesised
to be UHECR sources. On the one hand, the significant angular spread reinforce the single
source approximation as the influence of the second nearest source falls rapidly with distance
(see the equation (3.8) and figure 7). On the other hand, the results from section 4 tend to
greatly influence the dipole for the range of the constrained κ. Therefore, the ratio C2/C1
is increased more when cosmic rays traverse domains of a structured magnetic field for the
given spread parameter which consequently impose more stringent conditions on κ and η. Or
to put it differently, if the measured anisotropies are originating from a single source and the
quadrupole component is increased compared to the dipole component due to the structured
magnetic field of the real Universe, the consequence is that even smaller κ is required by the
observations than the one retrieved here.
By using solution (2.14) for ` = 1 and parametrisation (3.5) to express the dipole
amplitude d =
√
9C1/C0 as function of rigidity R, one gets:
d(R) = 3η (cothκ− κ−1) ≈ 3η [coth( κ0R20R2
)
−
(
κ0
R20
R2
)−1]
(5.2)
where κ0 and R0 are fixed by the dipole measured in the energy bin centered at 11.5 EeV and
with an assumption for the averaged composition at that energy of 〈Z〉 = 4 extracted from
[41]. Thus, the inserted rigidity is R0 = 2.875 EV and the spread parameter κ0 = 2.7.
An immediate consequence is that the dipole amplitude should increase at higher en-
ergies. The plot of the function and the Auger dipolar amplitudes for 4-8 EeV and 8+ EeV
bins can be seen on fig. 12. The measured dipole amplitude in the 4-8 EeV range is in
agreement with the derived result. The composition data from the Pierre Auger Observatory
[41] suggests a change in the average composition at the end of the spectrum towards heavier
nuclei when the fit of the EPOS-LHC hadronic model to the shower data is used. Here,
just to illustrate the change in the composition, the composition dependence on energy is
simplified to roughly match the one of the EPOS-LHC hadronic model in [41]. The com-
position is averaged per energy bin 〈Z〉 = ∑i=p,He,N,Fe fiZi, and fitted to a linear function
resulting with 〈Z(E)〉 = 4+0.1E/EeV. When this dependence is inserted in d(R), the dipole
amplitude at higher energy bins is slightly suppressed compared to the prediction without
this dependence. Other hadronic models from [41] reduce this difference since they predict a
more uniform composition in this energy range, from 1017 to 1020 EeV. Uncertainties in the
composition estimate are not taken into account due to the large uncertainties in the spread
parameter which dominate in the dipole prediction in any case (the red shaded area on the
figure).
In the field of ultra-high energy cosmic rays, two nearby extra-galactic objects often
considered as potential sources are Centaurus A [59] and Virgo cluster [35, 60]. This conclusion
comes from reasoning that if our galaxy does not contain known accelerators which are capable
of achieving energies above 8 EeV [59], it follows that ordinary galaxies cannot produce
UHECRs either. Therefore, radio galaxies or rich clusters of galaxies are more likely to
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Figure 12. This is a comparison of the model’s result for the dipole with measured dipole amplitudes
at two different energy ranges taken from [12] by using (5.2). Equation (5.2) with κ0 and η0 determined
by the measurement at 11.5 EeV with the assumed composition of Z = 4 is plotted as the solid line.
The red shaded area represents uncertainties coming from the uncertainties in κ. The resulting
prediction of the dipole at the lower energy range is consistent with the measured dipole in the 4-8
EeV bin. The dashed line represents a correction in the dipole amplitude d(Z) when the changing
average composition 〈Z(E)〉 at higher energies is taken into account. This shows that the measured
composition indications slightly suppress the dipole amplitude at the higher energies, while negligibly
amplifying it at lower energies. The dotted line is a dipole average of the isotropic distribution in the
case of full-sky coverage when roughly the total number of events detected by PAO, N ≈ 200, above
1019.5 eV [41] is inserted in d =
√
9〈C1〉iso/C0 = 3N−1/2 [58].
contain UHECR sources. The radio galaxy Centaurus A and Virgo cluster are the two closest
of these kinds. The distance from Cen A is 3.8 Mpc [61] and from Virgo 16.5 Mpc is [62].
Putting their distances into eq. (3.5) and using the constraints from the previous para-
graph, the quantity Z−2B−2rms(Lc)−1 is constrained. This can be seen in the figure 13 where
two limiting cases, hydrogen and iron, are shown.
6 Conclusions
In the last decade, the theoretical research field of ultra-high energy cosmic rays is predomi-
nantly conducted by Monte Carlo simulations. This approach is motivated by the tremendous
number of involved processes and effects combined with many poorly known parameters. The
distribution of arrival directions, as one of the most important observables in the field, is es-
pecially sensitive to all of these uncertainties. At the same time, experiments observe a high
level of isotropy in the arrival directions. Since most of the extra-galactic source models
predict isolated sources in the neighbourhood of our Galaxy, the observed isotropy could be
an indication of strong deflections in the intervening magnetic fields. Potentially significant
magnetic field strengths combined with the heavier composition above 1019eV make the whole
scenery even more complicated since it influences the propagation greatly while the ability to
determine those fields experimentally is still limited. Consequently, “hot spots” originating
from sources could be smeared out considerably by the magnetic fields. The smearing dilutes
those small-scale anisotropic patterns, which are typically expected from sources nearby, and
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Figure 13. For a source of a given distance, the remaining parameters left undetermined are charge,
magnetic field strength and coherence length. The plot shows the relation between Brms and Lc
following from eq. (3.5) for the fitted value of κ, for proton and iron primaries coming from Centaurus
A and the Virgo cluster.
also contributes to the large-scale anisotropies. In particular, the dipolar anisotropy detected
by the Pierre Auger Observatory, as the only statistically significant anisotropy detected so
far, could be caused by a source nearby while the higher moments could be influenced by
the magnetic fields. In this paper, we test this possibility with analytical tools supported by
Monte Carlo simulations.
A simplified model of one source nearby normalized with the isotropic background is
studied. The model is based on a cautious derivation of the arrival direction distribution
starting from a random walk in flight direction of a cosmic ray. For large deflections in arrival
directions, to keep the analytical transparency of the results, the single source is restricted
to a beamed source directed towards an observer. Focusing on the large-scale anisotropies
as the most robust patterns and without specifying the exact strength of the turbulent field
or rigidity of cosmic rays, we investigate the validity domain of the model and draw several
conclusions.
It is shown that the scenario predicts the existence of higher multipole moments besides
the dipole where the ratio of subsequent moments is determined by the spread parameter.
Moreover, the absolute values of the dipolar and the quadrupolar amplitudes are sufficient to
determine the model’s parameters completely. Using that fact and the recent experimental
data from the Pierre Auger experiment, constraints on the parameters can be placed (fig. 11),
although with significant uncertainties because the number of detected events in the given
energy range is not big enough to determine a statistically significant quadrupole moment.
Nevertheless, even the current data require a considerable angular spread of a single source
nearby. The fit of the model to the data gives the following solution for the spread parameter
κ = 2.7+1.2−1.1 (αrms =
(
50+11−10
)◦) with the relative flux from the single source η = 0.03 ± 0.01.
The obtained result implies considerable deflections which affect other, more distant, sources
as well. If their distance is just ∼ 2 times the distance of the first source from the observer,
they influence the first source dipolar component by less than 10% and higher multipoles
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even less, thus, they contribute to the arrival directions almost isotropically and most of the
memory about their position is practically lost (see eq. 3.8 and fig. 7). In contrast, sources
at similar distances from the observer invalidate the starting assumption of a single isolated
source, and that would require a different kind of analyses. The consistency of the analysis is
confirmed in a study of the dipolar amplitude dependence on energy (eq. 5.2) which agrees
with the measured dipolar amplitudes at other energies, i.e., in the 4-8 EeV bin.
We also applied the constraints derived above from energies above 8 EeV to properties
of the turbulent extra-galactic magnetic field (eq. 3.5). This suggests that if the magnetic
field is weaker than 1 nG in case of iron nuclei, or 10 nG in case of protons, for the coherence
length of the field ≤ 1 Mpc, it is likely that there is no single luminous source in the vicinity
of the Milky Way, such as Centaurus A or the Virgo cluster.
The comparison between the analytical model predictions and the predictions of Monte
Carlo simulations in a structured magnetic field (sec. 4), as a more realistic scenario of the
real Universe, shows that structures generally do not change the presented analytical pattern
significantly, and in those cases when they do, they amplify higher multipoles in the angular
power spectrum making the observed dipole above 8 EeV and the quadrupole upper limit even
more constraining for the model. The same applies if the source injects mixed composition
in a wide range of energies.
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A The finite-size observer problem
O Sd
r
S′
θ
Figure 14. The particle that arrived from S and
hit the edge of the observer O (the red vector) is
detected as a particle that came from source S′
from the perspective of a point-like observer (the
green vector). It can be said that the finite-size
observer O creates a virtual source S′, which is
displaced at most by the radius r of observer’s
sphere. Hence, the finite-size observer transforms
a point-like source S into a circular area around
S.
In the case of 3D forward tracking simulations
of individual particle trajectories, rescaling
the size of an observer is required to match to-
day’s computer capability with a decent num-
ber of detections. If the observer would be the
size of the Earth as in the real Universe, an
injection of Ninject = NEarth(dsrc/rEarth)2 ∼
(Mpc/106m)2 = 1033 particles would be nec-
essary to have just a few detections from a
nearby source which is a megaparsec away.
This is unrealistic to simulate since CRPropa3
optimally, without any interactions, can pro-
cess∼ 105 particles/s/thread on modern hard-
ware. Same applies if one models the observer
as big as the size of bigger objects, like the
Galaxy, 30 kpc in radius, to take into account
the observer’s volume covered due to the mo-
tion of the Earth, the solar system, etc. during the observation period.
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However, enlarging the observer to increase statistics introduces unwanted artifacts,
especially when anisotropies are studied. From geometrical considerations alone, without
deflections, it can be seen (fig. 14) that a point-like source becomes a disk shape of the
arrival directions which artificially changes anisotropy. The maximum angle of the artificial
deflection is given by θmax = arcsin
(
r
d
)
where r is the observer radius, and d is the distance
from the source.
To compute the angular power spectrum of a point source seen by a spherical observer
we approximate the source image as a homogeneous circle, although it is not perfectly homo-
geneous but has a radial distribution. A spherical cap is then a suitable model for the case:
f(ϑ, ϕ) = Θ(θ − ϑ) where Θ is the Heaviside step function and θ is the angular size of the
circle. The C` can be calculated:
a`m =
∫ 2pi
0
dϕ
∫ pi
0
dϑ sinϑΘ(θ − ϑ)Y m∗` (ϑ, ϕ)
a`m =
∫ 2pi
0
dϕ
∫ θ
0
dϑ sinϑY m∗` (ϑ, ϕ) = 2pi
√
2`+ 1
4pi
∫ 1
cos(θ)
dxP 0` (x)
∫ 1
cos(θ)
dxP 0` (x) =
∫ 1
cos(θ)
dxP`(x) = 2
` ·
∑`
k=0
(
`
k
)( `+k−1
2
`
)∫ 1
cos(θ)
xk dx
= 2` ·
∑`
k=0
(
`
k
)( `+k−1
2
`
)
1
k + 1
(
1− cos(θ)k+1
)
⇒ C` = 22`pi
[∑`
k=0
(
`
k
)( `+k−1
2
`
)
1
k + 1
(
1− cos(θ)k+1
)]2
Inserting θmax = arcsin
(
r
d
)
into C` and using cos(arccos(x)) =
√
1− x2 gives:
C` = 2
2`pi
[∑`
k=0
(
`
k
)( `+k−1
2
`
)
1
k + 1
(
1−
(
1− r
2
d2
)(k+1)/2)]2
. (A.1)
which is plotted in fig. 15 for the first lowest multipole moments. Every moment is expressed
relative to the monopole C0 = pi
(
1−
√
1− r2
d2
)2
. To study multipoles below ` = 5 while
keeping the artificial angular spread below 10% the observer size would always have to be
below 10% of the distance to the nearest source.
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